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ABSTRACT. We prove an existence result for local and global G-structure pre- 
serving affine immersions between affine manifolds. Several examples are dis- 
' cussed in the context of Riemannian and semi-Riemannian geometry, including 

CN ! the case of isometric immersions into Lie groups endowed with a left-invariant 

metric, and the case of isometric immersions into products of space forms. 

o 
q 

^ ■ 1. Introduction 

-t— > 

In this paper we prove an existence result for G-structure preserving affine im- 
mersions between affine manifolds, with special attention to the class of isometric 
immersions in the context of Riemannian and semi-Riemannian geometry. The 
original idea was to find a unifying language for several isometric immersion 
theorems that appear in the classical literature [2] (immersions into Riemannian 
manifolds with constant sectional curvature, immersions into Kahler manifolds of 
constant holomorphic curvature), and also some recent results (see for instance 
[3,4]) concerning the existence of isometric immersions in more general Riemann- 
SO ■ i an manifolds. Given an isometric immersion, the celebrated equations of Gauss, 

Codazzi and Ricci relate the curvature of the environment with the curvature of the 
r*| ■ submanifold, the curvature of the normal bundle and the second fundamental form 

(and its covariant derivative). A folk theorem says that such equations are nec- 
essary conditions for the existence of isometric immersions, however the reader 
should observe that, unless the isometric immersion has already been given, the 
equations cannot in general even be written down. Nevertheless, when the target 
manifold is "sufficiently homogeneous" (or, more precisely, infinitesimally homo- 
geneous in the sense of Definition 6.1), the Gauss, Codazzi and Ricci equations do 
make sense a priori and then they are indeed necessary conditions for the existence 
of the isometric immersion. Sufficient conditions for the existence of an isometric 
immersion involve additional assumptions depending on the context; the stalling 
point of our theory was precisely the interpretation of such additional assumptions 
in terms of G-structures and inner torsion, which is a kind of covariant derivative 
of a G-structure. 

The central result of the paper is an affine immersion theorem into infinitesi- 
mally homogeneous affine manifolds endowed with a G-structure. Infinitesimally 
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homogeneous means that the curvature and the torsion of the connection, as well 
as the inner torsion of the G-structure, can be written uniquely in terms of the G- 
structure, i.e., are constant in frames that belong to the G-structure. For instance, 
consider the case that M is a Riemannian manifold endowed with the Levi-Civita 
connection of its metric tensor, G is the orthogonal group and the G-structure is 
given by the set of orthonormal frames. Since the Levi-Civita connection is com- 
patible with the Riemannian metric, the inner torsion of this G-structure is zero. 
The condition that the curvature tensor should be constant in orthonormal frames is 
equivalent to the condition that M has constant sectional curvature, and we recover 
in this case the classical "fundamental theorem of isometric immersions in spaces 
of constant curvature". Similarly, if M is a Riemannian manifold endowed with an 
orthogonal almost complex structure, then one has a G-structure on M, where G is 
the unitary group, by considering the set of orthonormal complex frames of TM. 
In this case, the inner torsion of the G-structure relatively to the Levi-Civita con- 
nection of the Riemannian metric is the covariant derivative of the almost complex 
structure, which vanishes if and only if M is Kahler. Requiring that the curva- 
ture tensor be constant in orthonormal complex frames means that M has constant 
holomorphic curvature; in this context, our immersion theorem reproduces the clas- 
sical result of isometric immersions into Kahler manifolds of constant holomorphic 
curvature. Another interesting example of G-structure that will be considered in 
some detail is the case of Riemannian manifolds endowed with a distinguished 
unit vector field £; in this case, we obtain an immersion theorem into Riemannian 
manifolds with the property that both the curvature tensor and the covariant de- 
rivative of the vector field at a general point p can be written in terms only of the 
Riemannian metric at p and of the vector This is the case in a number of 

important examples, like for instance all manifolds that are Riemannian products 
of a space form with a copy of the real line, as well as all homogeneous, simply- 
connected 3-dimensional manifolds whose isometry group has dimension 4. These 
examples were first considered in [3]. Two more examples will be studied in some 
detail. First, we will consider isometric immersions into Lie groups endowed with 
a left invariant semi-Riemannian metric tensor. These manifolds have an obvious 
1-structure, given by the choice of a distinguished orthonormal left invariant frame; 
clearly, the curvature tensor is constant in this frame. Moreover, the inner torsion 
of the structure is simply the Christoffel tensor associated to this frame, which is 
also constant. It should be observed that a different immersion theorem into a class 
of nilpotent and solvable Lie groups has been recently proved in [8]. In spite of 
many analogies both in the statement and in the proof of the result, the setup con- 
sidered by the author in [8] does not fit into the infinitesimally homogeneous case 
considered in the present paper. Another example discussed is the case of isomet- 
ric immersions into products of manifolds with constant sectional curvature; in this 
situation, the G-structure considered is the one consisting of orthonormal frames 
adapted to such product. More generally, products of infinitesimally homogeneous 
affine manifolds with G-structures are infinitesimally homogeneous. 

The proof of (the local version of) the main theorem relies on an application of 
Frobenius in the language of differential forms. More precisely, assume that we 
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are given affine manifolds (M, V), (M, V) and a vector bundle E° over M. Given 
a suitable set of data (a connection V° on E°, and "second fundamental forms" 
a and A ) we assemble a connection V on the Whitney sum E = TM © E 
and we look for an immersion / : M — > M and a connection preserving vector 
bundle isomorphism L : E — > f*TM such that L|y^ = d/. We assume that 
G-structures P and P are given on E and on TM, respectively, and we require 
that L be G-structure preserving. Given a smooth local frame of E (in P), the 
problem of determining L is reduced to the problem of determining a smooth map 
F : U — ► P, with U open in M, such that F pulls back the canonical form and the 
connection form of P to, respectively, the canonical form and the connection form 
of P. We then employ a version of the Frobenius theorem that allows one to guar- 
antee the existence of a smooth map F satisfying a PDE of the form F*X M = X M , 
where X M , X M are vector-valued 1-forms taking values in the same vector space. 
The integrability condition for such PDE corresponds to the Gauss, Codazzi and 
Ricci equations, as well as to some torsion equations; moreover, the condition that 
X M , X M take value in the same vector space corresponds to an equation relating 
the inner torsions of P and of P. Finally, the proof of the global version of the 
affine immersion theorem employs a general globalization principle stated in the 
language of pre-sheafs. 

2. Notations and terminology 

Vector spaces. Let V be a real finite-dimensional vector space. We denote by 
GL(V) the general linear group of V and by Ql(V) its Lie algebra. If W is another 
real finite-dimensional vector space and p : V — > W is a linear isomorphism then 
I p : GL(V) — > GL(VF) denotes the Lie group isomorphism given by conjugation 
with p and Ad p = dX p (Id) : Ql(V) — > fll(W) denotes the Lie algebra isomorphism 
given by conjugation with p. By Lin(V, W) we denote the space of linear maps 
from V to W. 

Vector bundles, frame bundles and connections. Let E be a vector bundle over 
a differentiable manifold M. We denote by T(E) the set of all smooth sections 
of E. Given a connection V on £ then the curvature of V is the smooth tensor 
R € T(TM* (8) TM* E* ® E) defined by: 

R(X, Y)e = VxVye - Vy V x e - V^yje, 

for all X, Y G T(TM), e G T(E); if t : TM -> E is a vector bundle morphism 
then the i-torsion of V is the smooth tensor T l € T(TM* TM* <8> E) defined 
by: 

T(X,Y) = V x (l(Y)) - V y (l(X)) - i{[X,Y]), 

for all X, Y e T(TM). When E = TM and t is the identity T = T L coincides 
with the usual torsion of V. 

Let k be the rank of E, i.e., the dimension of the fibers of E. We denote by 
FR(E') = LbeM FR(E X ) the frame bundle of E, which is the set of all linear 
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isomorphisms p : R k — > E x , with x G M. The frame bundle FR(E') is a GL(IR, fc )- 
principal bundle over M. A local section s : U — > FR(E') (where ?7 is an open 
subset of M) is called a local frame for E 1 . A smooth local frame s : U — > FR(E') 
defines a connection dF on which corresponds via the trivialization of 
defined by s to the standard derivative. More explicitly, we set: 

<Z s v e = s(x){de x (v)), 

for all x G U, v G T^M, e G r(^| C7 ), where e : U -> R fc is defined by e(x) = 
(e(x)) , for all x G U. If V is a connection in E then the Christoffel tensor 
of V with respect to the smooth local frame s is the tensor F = V — dP; more 
explicitly, r : U — > TM* <g> (g) E 1 is the smooth local section such that: 

V v e = dl s v e + F x (v,e(x)), 

for all x G U, v G T^M and all e G T(E\u). For x G U, v G T X M, we also set 
) = r x (u, •) G Ql(E x ), so that T x : T^M — > fl^-E^) is a linear map. If Hor 
is the horizontal distribution in FR(E') corresponding to V and to is the 5l(IR fc )- 
valued connection form on FR(E') whose kernel is Hor then, setting Co = s*u, we 
have: 

(2.1) F x (v) = Ad s ( x )(u) x (v)), 

for all x G U and all v G T X M. If i : TM —> E is a vector bundle morphism then 
the L-canonical form of FR(E) is the R^-valued 1-form 9 on FR(E') defined by: 

e p (()=p- 1 [i{du p (0)] et k , 

for all p G FR(E), ( G T p FR(E), where n : FR(E) -» M denotes the projection. 
When E 1 = TM and t is the identity then 6 is simply the usual canonical form of 
FR(TM). The i-torsion form and the curvature form £1 are defined respectively 
by: 

(2.2) 6 = d# + u;A6', n = duj + uo Alo, 

where the wedge product in A a; is taken with respect to the associative product 
of gl(E, fc ). The following equalities hold: 

(2.3) p(e p (Ci,C 2 )) = T^(dn p (Ci),dn p (c 2 )) g e x , 

(2.4) Ad p (n p (Ci,C 2 )) = ^(dn p (Ci),dn p (c 2 )) g q i(e x ), 

for all p G FR(£), Ci, C2 G T p FR(E), where x = Fl(p). 

Covariant derivative along curves. Let p : I — > FR(E') be a smooth curve and 
set 7 = II o p, where II : FR(E) — > M denotes the projection. For all £ G /, we 
denote by (Vip)(i) G Lin(Il fe , E y u\) the covariant derivative of p at the instant 
i, which is just the vertical component of p'(t) G T p ( t )FR(£') (observe that the 
vertical space of FR(E') at p(t) is identified with Lin(H fe , Ky(t))). We have: 

(2.5) UpwW) =P(t)- 1 o(V lP )(t), 

for all t G I. If e : / — ► is a smooth section of T along 7 (i.e., e(t) G Ky(t), for 
all t G I), we denote by (Vie)(i) G E y ^ the covariant derivative of e along 7 at 
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the instant t. Given a smooth curve u : I — > M, k then e : I 3 t i— > -u(t) G E 7 ( t ) 
is a smooth section of E along 7 and the following "Leibniz rule" holds: 

(V l e)(t) = (V lP )(t)-u(t)+p(t)-u'(t), 

for all £ <G I. If s : U — > FR(E) is a smooth local section with 7(1) C U and if 
(D = s*uj then: 

(2.6) (Vip)(t) = s( 7 (t)) o [*?(<) + w 7(t) (7 , (t)) op(t)], 

for all t G I, where p : 7 -» GL(K, fc ) is defined by p(t) = s^i))" 1 o p(t). 

Vector subbundles. If F is a vector subbundle of E then the absolute second 
fundamental form of F in E with respect to the connection V is the tensor a F G 
r(TM* (81 E* <g> (E/E)) defined by a F (X, e) = q(V x e), for all X G T(TM), 
e G r(F), where q : E — > E/F denotes the quotient map. 

3. AFFINE IMMERSIONS AND THEIR INVARIANTS 

Let (M, V), (M, V) be affine manifolds and / : M -> M be a smooth im- 
mersion. We identify the differential d/ : TM — > TM with a (injective) vector 
bundle morphism df : TM -> /TM. A vector subbundle E of f*TM with 
f*TM = d/(TM) E will be called a noma/ terad/e for /. Let a normal 
bundle E for / be fixed; we denote by ir E : f*TM — > E the projection onto 
E corresponding to the decomposition f*TM = d/(TM) E and by 7r™ : 
f*TM — > TM the composition of the projection onto d/(TM) with the isomor- 
phism d/- 1 : d/(TM) -> TM. Given smooth vector fields X,y G T(TM) 
in M, we set F) = vr £ (Vx d/(y)) G T(E), so that a is identified with a 
smooth section of TM* (g) TM* <g) E. We call a the second fundamental form of 
the immersion / with respect to the normal bundle E. Notice that in the case of 
Riemannian (or semi-Riemannian) geometry, / has a canonical normal bundle (the 
orthogonal complement of d/(TM) with respect to the metric), so there is also 
a canonical notion of second fundamental form. Also, if (M, g) and (M, g) are 
semi-Riemannian, V and V are the corresponding Levi-Civita connections, / is an 
isometric immersion and E is the orthogonal complement of d/(TM) in f*TM 
with respect to g then: 

(3.1) V x df(Y) = df(V x Y) + a(X, Y), 

for all X, Y G T(TM). In the general affine case, we say that / is an affine im- 
mersion with respect to E if (3.1) holds, for all X, Y G T(TM). Following [11] 
we say simply that / is an affine immersion if there exists a normal bundle E for 
/ such that / is an affine immersion with respect to E. We define the normal con- 
nection of the immersion / corresponding to the normal bundle E by setting 
V^e = ir E (y x e), for all X G T(TM) and all e G T(E). In the semi-Riemannian 
case, a and V -1 are the only invariants associated to an isometric immersion. In 
the general affine case, we have an additional invariant associated to the immersion. 
We set A{X, e) = vr™(V x e), for all X G T{TM) and all e G T(E); clearly A is 
identified with a smooth section of TM* ® E* ® TM. We call A the Weingarten 
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form of the immersion / relatively to E and for all x G M and all e G E x , the 
linear endomorphism A(e) = A x (-,e) : T X M — > T X M is called the Weingarten 
operator in the direction of e. In the semi-Riemannian case a and A are related by 
the equality: 

g x (a x (v,w),e) = -g x (A(e) -v,w), x G M, v,w G T X M, e G E x , 

so that A is determined by a. In the affine case, there is no relation between a and 
A; moreover, a is not in general symmetric unless the connection V is symmetric. 

We are interested in studying the existence of affine immersions with prescribed 
invariants V -1 , a and A. More precisely, let (M, V), (M, V) be affine manifolds, 
E° be a vector bundle over M, V° be a connection in E° and a , A be smooth 
sections of TM* TM* <g> £° and TM* <g> (£ )* TM respectively. We look 
for an affine immersion / : M — ► M, a normal bundle E 1 for / and a connec- 
tion preserving vector bundle isomorphism S : (E ,V°) — > (E,V ± ) such that 
S(a°(-, •)) = a and J A(-, S-) = A . The pair (/, S) will be called a solution for the 
affine immersion problem with data V°, a a«cf ^4°. More generally, if / : U — ► M 
is an affine immersion defined in an open subset U of M and S 1 : -E !;/ — > E|[/ 
is a connection preserving vector bundle isomorphism such that S'(a (-, •)) = a 
and A(-, S-) = A then the pair (/, S) will be called a ZocaZ solution for the affine 
immersion problem with data V°, a , ^4° anJ wiYA domain U. 

An important special situation is the one of isometric immersions. Assume 
that (M,g), (M,g) are semi-Riemannian manifolds, E° is a vector bundle over 
M endowed with a semi-Riemannian structure g° (i.e., g° is a smooth section of 
(E )* <g) (E )* and g x is a nondegenerate symmetric bilinear form on E x , for all 
x G M), ^ is V°-parallel and a is a smooth symmetric section of the vector 
bundle TM* (g) TM* (g> E° ; by a solution for the isometric immersion problem 
with data V°, a , <?° we mean a pair (/, 5) where / : M — > M is an isometric 
immersion, S 1 : (E°, V°,5°) — > V ± ,g ± ) is a connection preserving vector 
bundle isometry and S(a°(-, •)) = a, where E denotes the orthogonal comple- 
ment of d/(TM) in f*TM with respect to ^ and (7- 1 - denotes the restriction of g to 
E. As in the affine case, one defines the concept of local solution for the isometric 
immersion problem by replacing M with an open subset U of M. 

Notice that if (/, S) is a (local) solution for the isometric immersion problem, 
(M, g) and (M, g) are endowed with their respective Levi-Civita connections V, 
V and a smooth section A of TM* <g> (E )* <g> TM is defined by the equality: 

(3.2) g° x (a° x (v,w),e) =-g x (A x (e)-v,w), x G M, v,w G T X M, e G 

then (/, 5) is also a (local) solution for the affine immersion problem with data 
V°, a and A . 

4. The components of a connection 

The following general construction gives a convenient language for discussing 
the theory of affine immersions. Let £ be a vector bundle over a differentiable 
manifold M endowed with a connection V and let £ = 6 1 © £ 2 be a direct sum 
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decomposition of £ ; denote by 7r l : £ — > £ l , i = 1, 2, the projections. We set: 

= ir i (V x e i ), i = l,2 

a 2 (X,ei) = ^ 2 (Vxei), a\X,e 2 ) = n 1 (V x e 2 ), 

for all X G T(TM), a G r(£*), i = 1, 2, so that V* is a connection in £\ i = 1,2, 
and a 2 (resp., a 1 ) is identified with a smooth section of TM*(&(£ 1 )*(&£ 2 (resp., of 
TM* ® (£ 2 )* (8) f 1 ). We call V 1 , V 2 , a 2 and a 1 the components of the connection 
V with respect to the decomposition £ = £ x £ 2 . Clearly, one recovers V from 
its components using the formula: 

V x e = V^ttV)) +a 1 (X,vr 2 (e)) +V^(vr 2 ( e )) +a 2 (X,7r 1 (e)), 

where X G T(TM) and e G r(£). 

Notice that if / : (M, V) — > (M, V) is an affine immersion with respect 
to a normal bundle E then, identifying for a moment TM with d/(TM), the 
components of the connection /*V on f*TM with respect to the decomposition 
f*TM = d/(TM) _E are the connection V of M, the normal connection V x , 
the second fundamental form a and the Weingarten form A of / with respect to 

Remark 4.1. If g 1 , <7 2 are semi-Riemannian structures on E^ 1 and E 2 , respectively 
and if g is the semi-Riemannian structure on E given by the orthogonal direct sum 
of g 1 and g 2 then a connection V with components V 1 , V 2 , a 2 , a 1 is compatible 
with g (i.e., Vg = 0) if and only if V* is compatible with g l , i = 1,2, and the 
following relation between a 2 and a 1 holds: 

(4.1) g x (al(v,e 1 ),e 2 ) + g x (e 1 ,a 1 x {v,e 2 )) =0, 

for all x G M, v G T^M, ei G £ x and e 2 G f 2 . Notice that relation (4.1) implies 
that a 1 is uniquely determined from a 2 , so that in a context where we are dealing 
with connections compatible with a semi-Riemannian structure, we will talk only 
about the components V 1 , V 2 and a 2 of V, where one should understand implicitly 
that a 1 is determined by condition (4.1). 

Denote by R, R 1 , R 2 the curvature tensors of V, V 1 and V 2 , respectively. A 
straightforward computation gives the following: 

(4.2) TT 1 (R x (v,w)e 1 ) = R x (v,w)e 1 + a l x (v, a 2 x {w, ei)) - a\ (w, a 2 x (v, ei)) , 

(4.3) ir 2 (R x (v,w)e 2 ) = R 2 x (v, w)e 2 + a 2 (v, a\{w, e 2 )) - a 2 (w, a\{v, e 2 )) , 

for all x G M, ei G £ x , e 2 G £ 2 and all v, w G T X M. Moreover, given a connec- 
tion V M on TM with torsion T and denoting by V® the induced connections on 

TM* <g> (£ 2 )* £ 1 and on TM* (f 1 )* <g> £ 2 then: 

Tr 2 ^^,^)^) = (V®a 2 ) x (v,w, ei ) - (V®a 2 ) x (w,v, ei ) 

+ a 2 x (T x (v,w),e 1 ), 

TT l (R x (v,w)e 2 ) = {Va l ) x {v,w,e 2 ) - (W 1 ),^, v, e 2 ) 

(4-5) 

+ a x (T x (v,w),e 2 ), 
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for all x G M, e\ G £j, e 2 G £ 2 and all v,w £ T X M. If t = (t 1 , i 2 ) : TM -» 
£ = if 1 © £ 2 is a vector bundle morphism then the i-torsion T l of V satisfies the 
following identities: 

(4.6) ^(T^w)) = T< x \v,w) + a 1 x (v,L 2 (w)) - al(w,t 2 (v)), 

(4.7) TT 2 (T x (v,w))=T*(v,w)+a 2 x (v,L 1 (w))-al(w,L 1 (v)), 

for all x G M, v,w G T X M, where T'\ T' 2 denote respectively the /^-torsion of 
V 1 and the t 2 -torsion of V 2 . 

Let us look at equations (4.2), (4.3), (4.4), (4.5), (4.6) and (4.7) in the context 
of affine immersions. More precisely, let / : (M, V) — > (M, V) be an affine 
immersion, E be a normal bundle for /, and V^, a and A denote respectively 
the normal connection, the second fundamental form and the Weingarten form. 
Since V, V ± , a and A are (up to the identification of TM with d/(TM)) the 
components of /*V with respect to the decomposition f*TM = d/(TM) © E 1 , 
equation (4.2) gives: 

(4.8) TT™[R f{x) (df x (v),df x (w))df x (u)] = R x (v,w)u + A x (v,a x (w,u)) 

- A x (w,a x (v,u)), 

for all x G M and all t>, it;, u G T X M, where i? and i? denote the curvature tensors 
of V and V respectively. We call (4.8) the Gauss equation of the affine immersion 
/ with respect to E. Similarly, equation (4.3) gives: 

(4.9) ir E [R f{x) (df x (v),df x (w))e] =R x -(v,w)e + a x (v,A x (w,e)) 

- a x (w,A x (v,e)), 

for all x G M, v, w G T X M and all e G E x , where R 1 - denotes the curvature 
tensor of the normal connection V^. We call (4.9) the Ricci equation of the affine 
immersion / with respect to E. Equations (4.4) and (4.5) (with V M = V) give: 

(4 10) nE [ R f( x )( d f x ( v ^ ,d f x ( w ^ u \ = (^ a )x(v,w,u) - (V®a) x (w,v,u) 

+ a x (T x (v,w),u), 

7T™[R f{x) {df x (v),df x (w))e] = (V°A) x (v,w,e) - (V°A) x (w,v,e) 

+ ^(Tj;^,^), e), 

for all x G M, v,w,u G T X M and all e G E x , where T denotes the torsion tensor 
of V. We call (4.10) and (4.11) the Codazzi equations of the affine immersion / 
with respect to E. Finally, if TM -» f*TM = d/(TM) © E is the map 
identified with df : TM — > TM then i 1 = df : TM — > d/(TM), t 2 = and 
equations (4.6) and (4.7) read : 

(4.12) ^^(d/.t^d/.H)] =T X («,«;), 

(4.13) Tr^T^d/^d/^))] =a x (u,«;)-a a! (ti;,u), 

'By taking such map t, the t-torsion of /* V is just the pull-back by / of the torsion of V. 
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for all x G M,v,w G T X M, where T denotes the torsion of V. We call (4.12) and 
(4.13) the torsion equations of the affine immersion / with respect to E. 

Now assume that we are given affine manifolds (M, V), (M, V), a vector bun- 
dle E° over M endowed with a connection V° and smooth sections a , ^4° of the 
vector bundles TM* <g> TM* <g> E° and TM* ® (E 10 )* ® TM respectively. Assume 
that there exists a local solution (/, S) for the affine immersion problem with data 
V°, q°, A defined on an open subset U of M, where S : E°\jj — > E|;y and E 1 is 
a normal bundle for /. Clearly, (4.8), (4.9), (4.10), (4.11), (4.12) and (4.13) imply: 



(4.14) 
(4.15) 
(4.16) 
(4.17) 



tt™ [R f{x) (df x (v),df x (w))df x (u)] = R x (v, w)u + A° x (v, a° x (w, u)) 

-A° x (w,a x (v,u)), 

n E [R f (x) {df x (v) , df x H) S x (e)] = S X [R° X (v, w) + a° x (v, A° x (w, e)) 

-a x {w,A x (v,e))], 

7r E [R f{x) (df x (v),df x H)df x (u)] = S X [(V® a°) x (v,w,u) 
- (V^a )^, v, u) + a° x {T x (v, w),u)], 

*™\R f(x) {df x (v),dfxH)S x (e)] = (V®A°Uv,w,e) 

- (V®A ) x (w,v,e) +A° x (T x (v, w),e), 

(4.18) 7r™\T f(x) (df x (v),df x (w))] = T x (v,w), 

(4.19) n E [T fix) (df x (v),df x (w))]=S x (a x (v,w)-a x (w,v)), 

for all x G U, v,w,u G T X M and all e G E x , where R° denotes the curvature 
tensor of V°. 

Notice that in the case of isometric immersions, the torsion equation (4.18) is 
trivial and (4.19) says that a is symmetric; moreover, using (3.2), it can be seen 
that the Codazzi equations (4.16) and (4.17) are equivalent to each other. 

One may think that Gauss, Ricci, Codazzi and the torsion equations are "neces- 
sary conditions" for the existence of a solution (/, S) of the affine immersion prob- 
lem, although such statement is obviously meaningless because one cannot write 
down equations (4.14), (4.15), (4.16), (4.17), (4.18) and (4.19) unless / and S are 
already given. Notice that in the special case that (M, g) is a semi-Riemannian 
manifold with constant sectional curvature c G It and (/, S) is a solution for the 
isometric immersion problem then the lefthand side of equations (4.14), (4.15), 
(4.16) and (4.17) can be written only in terms of c and g, i.e., without using / and 
S; more explicitly, the lefthand side of (4.14) is c(g x (w, u)v — g x (v, u)w} , while 
the lefthand sides of (4.15), (4.16) and (4.17) are zero (the possibility of writing 
down Gauss, Ricci and Codazzi equations without using / and S depends on the 
fact that the curvature tensor R of the target manifold is constant in orthonormal 
frames). Thus, in this case, the Gauss, Ricci and Codazzi equations are indeed 
necessary conditions for the existence of a solution of the isometric immersion 
problem (/, S). By the celebrated fundamental theorem of isometric immersions 
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into space forms (see, for instance, [2, 5, 12, 14]), the Gauss, Ricci and Codazzi 
equations are also sufficient conditions for the existence of local solutions for the 
isometric immersion problem (provided that one assumes that a° is symmetric and 
that g° is V°-parallel). 

Using the notion of infinitesimally homogeneous qffine manifold with G-struc- 
ture introduced in Section 6 we will describe a very general situation in which the 
lefthand side of (4.14), (4.15), (4.16), (4.17), (4.18) and (4.19) can be described 
without explicit use of / and S. 

5. G-STRUCTURES AND INNER TORSION 

Let E be a vector bundle of rank k over a differentiable manifold M. If G is a Lie 
subgroup of GL(R fc ) then by a G-structure on E we mean a G-principal subbundle 
P of FR(E'). By a G-structure on M we mean a G-structure on the tangent bundle 
of M. Let V be a connection in E. We denote by Hor the corresponding horizontal 
distribution on FR(i?) and by uj the gl(R fe )-valued connection form on FR(i?) 
whose kernel is Hor. We say that V is compatible with a G-structure P if Hor p C 
T P P, for all pgP, i.e., if parallel transport carries frames in P to frames in P. In 
the general case, there is a tensor that measures the lack of compatibility of V with 
P called the inner torsion of P with respect to V, which is defined as follows. 

For each x E M, denote by G x the subgroup of GL(E X ) consisting of G- 
structure preserving maps, i.e., maps a : E x — > E x such that a o p E P x for 
some (and hence for all) p E P x . Clearly G x = 1 p (G), for all p E P x , so that 
G x is a Lie subgroup of GL(E X ). We denote by q x C qI(E x ) the Lie algebra 
of G x , so that Adp(g) = g x , for all p E P x , where g C g((R fc ) denotes the 
Lie algebra of G. For each x E M and each p E FK(E X ), we can identify the 
tangent space T p FK(E) with the direct sum T X M © g((R fe ) via the isomorphism 
(dn p ,u;p), where II : FR(.E) — ► M denotes the projection. For p E P, the 
subspace V p = (dU p , uj p )(T p P) of T X M © gl(M k ) corresponding to T p P satisfies 
the conditions pr^Vp) = T X M and V p n ({0} © 0l(R fc )) = {0} © q, where 
pr 1 : T X M © 0l(R fe ) — > T X M denotes the first projection. Thus, there exists a 
unique linear map C p : T X M -» 0((R fc )/g such that: 

(5.1) V p = {{v,X) E T X M © Ql(R k ) : C p {v) = X + $}. 

If s : U — > P is a smooth local section with x E U and uj = s*lo then C p is the 
composition of uj x : T X M — > fll(R fc ) with the quotient map gl(R fc ) — > gl(R fc )/g. 
It follows from the usual properties of connection forms that, given p, q E P x , the 
maps C p and C q are related by C q = Ad g o C p , where g E G is such that p = qog, 
and Ad s : gl(R fe )/g -» gl(R fc )/g is obtained from Ad 9 : g[(R fc ) -f gl(R fe ) by 
passing to the quotient. It follows that the linear map 3 X : T X M — > gl(£ , x )/0x 
defined by: 

(5.2) jf = Ad p o£ p , peP,, 

does not depend on the choice of p E P x \ here Ad p : g[(R fe )/g — > fll(^ x )/flx i s 
obtained from Ad p : g((R fe ) — > ©[(^x) by passing to the quotient. We call 3 X the 
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inner torsion of the G-structure P at the point x with respect to the connection V. 
Obviously, 3 P = if and only if V is compatible with P. It follows from (2.1) that 
if s : U — > P is a smooth local section with x G U and T denotes the Christoffel 
tensor of V with respect to s then the inner torsion 3 X is precisely the composition 
of the map T x : T X M — > gl(E x ) with the quotient map qI(E x ) — > qI(E x )/q x . This 
observation gives a simple method for computing inner torsions. 
Let us compute inner torsions in some specific examples. 

5.1. Example. If E is trivial and s : M — > FR(E') is a smooth global frame then 
P = s(M) is a G-structure on E with G = {Id R fe}. For each x G M, we have 
G^ = {Id^} and g x = {0}; the inner torsion 3 X : T X M — > gl(i? x ) is equal to the 
Christoffel tensor r x : T X M —>gl(E x )ofV with respect to s. 

5.2. Example. Let 5 be a semi-Riemannian structure on E of index r, i.e., 5 is 
a smooth section of E 1 * <S> E* such that g x is a nondegenerate symmetric bilinear 
form on E x of index r, for all re G M; denote by (-, -) r the standard Minkowski 
inner product of index r in H fc defined by: 

(5.3) (v, w) r = ^2 v i w i ~ ^2 ViWi, v, w G M, k . 

i=l i=k— r+1 

We denote by FR°(£') the set of all p G FR(E') that are linear isometries, so that 
P = FR°(£') is a G-structure on E, where G = 0(k — r, r) denotes the Lie group 
of linear isometries of (]R, fc , (•, -) r ). Let x G M be fixed. Clearly, G x is the group 
of linear isometries of (E x , g x ) and q x is the Lie algebra of linear endomorphisms 
of E x that are ^-anti-symmetric. We identify qI(E x )/q x with the space sym(E x ) 
of all linear endomorphisms of E x that are (/^-symmetric via the map: 

(5.4) Ql{E x )/ 5x 3T + Qx ^±(T + T*)£ sym(E x ), 

where T* : E x — > E x denotes the transpose of T with respect to g x . Thus, the inner 
torsion 3 X is identified with a linear map from T X M to sym(E x ). Let s : U — > P 
be a smooth local section with x G U and let e, e' G E x be fixed; consider the 
local sections e, e' : U — > S such that e(x) = e, e'(x) = e' and such that the R fc - 
valued maps y 1— >• s(y) -1 (e(y)), y > s(y)" 1 (e'(y)) are constant. Then dl s e = 0, 
d s e' = and: 

V^e = T x (v) ■ e, V v e' = T x (v) ■ e' , 

for all v G T X M. Since s(y) : (E fc , (-, -) r ) — > (E y ,g y ) is a linear isometry for all 
y G 17, the real- valued map y(e, e') is constant. Thus: 

= u(0(e, e')) = (V v g)(e, e') + g x (V v e, e') + fe(e, V„e') 

= (V„y)(e,e') + ^ (T^ (w) • e,e') +g x (e,r x (7;) • e'), 

for all v eT x M. Then: 

5:E [(r x («) + T x (v)*) ■ e, e'] = -(V v g)(e, e') 

and (using (5.4)): 

&(:£(«),■) = |^[(r«(«) + r x («r),-] =-^ 5 , 
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for all x G M, v G T X M. Using g x to identify V v g : E x x E x — > R with a linear 
endomorphism of P x we obtain: 

Thus, the inner torsion of P is essentially the covariant derivative of the semi- 
Riemannian structure g. In particular, J p = if and only if Vg = 0. 

5.3. Example. Let F be a vector subbundle of E of rank I. For x G M, set: 

FR(P X ; P x ) = {p£ FR(P X ) : p(R* © {0}) = F x ] 

and FR(P;P) = \J xeM FR(E x ; F x ). Then P = FR(P; F) is a G-structure on 
E with G the Lie subgroup of GL(R fc ) consisting of linear isomorphisms that 
preserve R z © {0}. Let x G M be fixed. Clearly Ga; is the Lie group of linear 
isomorphisms of P x that preserve F x and g x is the Lie algebra of linear endomor- 
phisms of E x that preserve F x . We identify the quotient gl(E x )/g x with the space 
Lin(F;j;, E x /F x ) via the map: 

(5.5) Ql{E x )/ Qx 3T + g x ^qoT\ Fx e Lin(F x , E x /F x ), 

where q : E x — > E x /F x denotes the quotient map. Thus, the inner torsion 3 X is 
identified with a linear map from T X M to L'm(F x , E x /F x ). Let s : U — > P be a 
smooth local section with x £ U and e G P x be fixed. Define e as in Example 5.2, 
so that V v e = T x (v) ■ e, for all v G T X M. We have e(U) C P and therefore: 

T x (v) -e + F x = V v e + F x = a^(v, e) G P x /P x , 

where a F denotes the absolute second fundamental form of the vector subbundle 
P. Hence, using (5.5): 

3^(v) = a£(v, •) G Lm(F x ,E x /F x ), 

for all x G M and all t; G P X M. In particular, 3 P = if and only if a F = 0, i.e., if 
and only if the covariant derivative of any smooth section of P is a smooth section 
of P. 

5.4. Example. Let g be a semi-Riemannian structure on E of index r and P be 
a vector subbundle of E such that the restriction of g to P is a semi-Riemannian 
structure on P of index s < r; denote by F 1 - the g-orthogonal complement of P 
in P, so that E = F © P- 1 . Define (•, -} r as in (5.3) and fix any subspace Po of R fc 
such that the restriction of (•, -) r to Po is a nondegenerate symmetric bilinear form 
of index s. Then P = FR°(P; P) = [] xeM FR°(P ;C ; F x ), where 

FR°(E X ;F X ) = {pe FR°(E X ) : p(F ) = F x }, 

is a G-structure on E where G is the Lie group of linear isometries of (R fc , (-, -) r ) 
that preserve Po. Denote by q : E — > P- 1 the projection with respect to the de- 
composition P = P © P- 1 . Let x G M be fixed. Clearly G x is the Lie group 
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of linear isometries of (E x ,g x ) that preserve F x and g x is the Lie algebra of g x - 
anti-symmetric linear endomorphisms of E x that preserve F x . We have an isomor- 
phism: 

Ql(E x )/ Qx — » sym^) Lin(F x , F x ) 

T + g x i > (^(T + T*), i o (T - T*)| F J , 

so that we identify J x with a linear map from T X M to sym(E x ) © Lin(F a; , F^f). 
Consider the component a G T(TM* <S> F* © F- 1 ) of the connection V with 
respect to the decomposition E = F © F- 1 . Arguing as in Examples 5.2 and 5.3, 
one easily computes: 

3x( v ) = (-h V v9,a x (v,-) + ±qoV v g\ Fx ), 

for all x G M, v G T X M, where V v g is identified with a linear endomorphism of 
E x using g x . In particular, 3 P = if and only if Vg = and a = 0, i.e., if and 
only if Vg = and the covariant derivative of any smooth section of F is a smooth 
section of F. 

5.5. Example. Let e G T(E) be a smooth section of E with e(x) ^ 0, for all 
x G M. Fix a nonzero vector eo G ]R, fc ; then: 

P= U {P€FR(£ X ) :p(eo) =e(x)} 

is a G-structure on E 1 where G is the subgroup of GL(]R fc ) consisting of isomor- 
phisms that fix eo- Let x G M be fixed. Then is the subgroup of GL(E X ) 
consisting of isomorphisms that fix e(x) and g x is the Lie algebra of linear en- 
domorphisms T : E x — > E x such that T(e(x)) = 0. We identify the quotient 
Ql{E x )/g x with E x via the map: 

SKE X )/Q X 3T + g x ^ T(e(x)) G E x , 

so that J^ 5 is identified with a linear map from T X M to E x . Let s : U — > P be a 
smooth local section with x & U. We have s(y) _1 (e(y)) = eo, for all y G [7, so 
that dl^e = and V^e = • e(x), for all t> G T X M. Then: 

for all v G T X M, i.e., the inner torsion J p is identified with the covariant derivative 
of e. In particular, 3 P = if and only if the section e is parallel. 

Assume now that g is a semi-Riemannian structure on E of index r, (•, -) r is 
defined as in (5.3) and that g x (e(x), e(x)) = (eo, eo) r , for all x G M. Then: 

P'= (J {PGFR ^) :p(eo) = e(x)} 

is a G-structure on where G is the Lie subgroup of 0(k — r,r) consisting of 
linear isometries that fix eo- Let x G M be fixed. Then G x is the Lie group 
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of linear isometries of (E x ,g x ) that fix e(x) and g x is the Lie algebra of ^-anti- 
symmetric linear endomorphisms T of E x such that T(e(x)) = 0. We have the 
following linear isomorphism: 

bKExVBx 9T + fc ^(i(T + T*), \(T - T*) ■ e(x)) G sym(^) e (x) ± 

where e(x) 1 - denotes the -orthogonal complement of e(x) in E x . Arguing as 
before, we obtain: 

(5.6) Off («) = (-^,V w e+^(V^)(e(x))), 

for all x G M and all u G T X M. In particular, 3 P ' = if and only if Vg = and 
Ve = 0. 

5.6. Example. Assume k = 21 and let J be an almost complex structure on E, i.e., 
J is a smooth section of E* ®E and J x is a complex structure on E x for all x G M. 
Consider the complex structure Jo : ]R fc = R/©R/ 9 (t> , w) i— ► (—to, i>) on R fc and 
set FR C (P) = \J x€M FR C (E X ), where for each x G M, FR C (E X ) denotes the set 
of all complex linear isomorphisms p : (M, k , Jo) — > (Pr, Jr)- Then P = FR C (P) 
is a G-structure on P where G = GL(R fc , Jo) is the Lie group of complex linear 
isomorphisms of (]R fc , Jo). Let x G M be fixed. Then G x = GL(E X ,J X ) and 
q x is the Lie algebra of complex linear endomorphisms of (E x , J x ). We have an 
isomorphism: 

Qi(E x )/Q x 9 T + g x i — > [T, J x ] G Lfa(E x , J x ), 

where [T, J x ] = T o J x — J x o T and Lin(P x , J x ) denotes the space of linear 
maps T : E x —> E x such that T o J x + J x o T = 0. Let s : U -> P be a 
smooth local section with x G f/ and let e G P^ be fixed. We define a local 
section e : f/ — ► E as in Example 5.2, so that V v e = T x (y) ■ e, for all v G T X M. 
Since U B y ^ s(y)~ l (j y ■ e(y)) is constant, it follows that dl*(j(e)) = and 
V„(J(e)) =r x (w)- (J x (e));then: 

r«(«) • (J*(e)) = V„(J(e)) = (V„J)(e) + 4(r x (u) • e), 
for all i; G T X M. We therefore obtain: 

r x («) ° Jr = V^J + Jr o r x (u) 

and hence: 

= V,J, 

for all x G M and all v G T X M. In particular, 3 P = if and only if J is parallel. 

5.7. Example. Assume k = 21. Let J be an almost complex structure on E, g be a 
semi-Riemannian structure on E of index r = 2s, Jo be the complex structure on 
R fc considered in Example 5.6 and (-, •) be the nondegenerate symmetric bilinear 
form of index r on M, k defined by: 

l— s I k—s k 

(v, w) = ^ ViWi - ^ v i w i + X] ViWi ~ ViWU V > W G 

i=l i=Z— s+1 i=/+l i=fe— s+1 
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observe that Jo is anti-symmetric with respect to (■,•). Assume that J x is g x - 
anti-symmetric for all x G M. Set FR U (£) = \J xeM FR n (E x ), where for each 
x G M, FR n (E x ) is the set of complex linear isometries from (M k , Jq, (■,■}) to 
(E x , J x ,g x ). Then P = FR n (E) is a G-structure on E where G = U(s, Z — s) is 
the Lie group of complex linear isometries of (]R, fe , Jq, (■,■}). Let xeMbe fixed. 
Clearly G^ is the Lie group of complex linear isometries of (E x , J x ,g x ) and q x is 
the Lie algebra of complex linear g^-anti-symmetric endomorphisms of (E x , J x ). 
We have a linear isomorphism: 

qI(E x )/q x — > sym(E x ) © Lm a (E x , J x ) 

T + q x ^(\{T + T*),\[T-T*,J x \), 

where L'm a (E x , J x ) denotes the space of ^^-anti-symmetric linear endomorphisms 
T of E x such that T o J x + J x o T = 0. Arguing as in Examples 5.2 and 5.6 we 
obtain: 

= (-5V„ 5 ,V„J- [V„ 5 , JJ), 

for all x G M and all v G T X M. In particular, 3 P = if and only if both g and J 
are parallel. 

We conclude the section with a technical lemma that will be used later on. 

Lemma 5.1. Let (Mi, V 1 ), (M2, V 2 ) be n-dimensional affine manifolds, G be a 
Lie subgroup o/GL(R n ) and P 1 C FR(TMi), P 2 C FR(TM 2 ) be G-structures 
on M\ and M 2 , respectively. Assume that for all x G M±, y G M 2 and for every 
G -structure preserving map a : T X M\ — > T y Mi we have 3y o a = Ad a o 3 P . 
Le? 7 : J — > Mi, /x : J — > M2 smooth curves and p : 7 — > FR(TMi), 
q : 7 — > FR(TM 2 ) Z?e horizontal liftings of 7 and /x, respectively. For each 
t G 7, ^a(t) = g (t) op(t)- 1 : T 7(t) Mi T Mt) M 2 . //aft) (-/(*)) = p'ft), 
/or all t £ I and if a (to) is G-structure preserving for some to £ I then aft) is 
G-structure preserving for all t G 7. 

PROOF. By partitioning 7, we may assume without loss of generality that there are 
smooth local sections s x : U —> P l , s 2 : V —> P 2 with 7(7) C U, p,(I) C V 
and such that U is the domain of a local chart of Mi. Let uj 1 denote the connection 
form of FR(TMj) and set u l = s*u>, i = 1,2. Since p, q are horizontal, (2.6) gives 
us: 

(5.7) p'(t) + cD 7(t) ( 7 'ft)) o pft) = 0, g'ft) + cD 2 (t) ( M 'ft)) o 9ft) = 0, 

for all t G I, where pft) = si (7ft)) _1 o pft) and gft) = s 2 (/•*(*)) 1 <?(*)• Now 
setLft) = s 2 (//ft))~ 1 ocrft)os 1 (7ft)) = gft)opft) -1 , so that aft) is G-structure 
preserving if and only if L(t) G G. Now (5.7) implies: 

(5.8) L'(t) = L{t) o cD 7(t) (7'ft)) - (//ft)) o Lft), 

for all t G 7. Since f7 is the domain of a local chart of Mi, there exists a smooth 
time-dependent vector field X : IxU — > TMi in J7 such that 7 is an integral curve 
of X (for instance, let X(t, x) G T x Mi be the vector that has the same coordinates 
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as j'(t) in a local chart). We define a smooth time-dependent vector field X in 
U x V x GL(]R n ) by setting: 

X(t,x,y,A) = (x(t,x),A(X(t,x)),Aou 1 x (X(t,x)) -tf[A(X(t,x))] o a), 

for allt £ /, i e [/, 1/ £ V, A £ GL(H n ), where 1 : T x Mi -» T y M 2 is 
defined by A = S2(y) o A o si(x) -1 . Notice that if A = L(t), x = ^(i) and 
y = n(t) then A = a(t), X(t,x) = i(t) and A(X(t,x)) = n'(t); thus, by 

(5.8) , (7, fi, L) : I -> U x V x GL(K n ) is an integral curve of Af. We claim that 
X(t, x, y, A) G T{Mi x M 2 xG) for all t € J, x G Mi, y G M 2 and all AgG. 
Namely, for a\\x eU,y eV,v e T X M X , w G r y M 2 , we have: 

(5.9) Ql(v) + = Ad -\ x) (af 1 (v)) , + s = Ad H) . 

If A G G then A : T^Mi — > T y M2 is G-structure preserving and therefore: 

(5-10) ^(A(t,))=Ad^(j^W)- 
From (5.9) and (5.10) it follows that: 

Ad A (ol(v))-u, 2 y (A(v)) =Ao0 1 x (v)oA- 1 -u, 2 y (A(v)) G . 

This proves that A o Co x (v) — oj 2 , (A(v)) o A G T4G and concludes the proof of the 
claim. We have established that the set of instants t G [a, 6] such that L(t) G G is 
open. The conclusion follows from the elementary lemma below. □ 

Lemma 5.2. Let Q be a Lie group, G be a ( not necessarily closed) Lie subgroup 
of Q and A : / — > Q be a continuous curve. If X^ 1 (G) is open in I and nonempty 
then X(I) C G. 

PROOF. It suffices to consider the case where I = [a,b] and A(a) G G. Let 
to G ]a,b] denote the supremum of the set of all t G [a, b] such that A ([a, t]) C 
G. Clearly A( [a,to[) C G and the conclusion will follow once we show that 

A(t ) G G. Let Lp : U C Q -> U C R n be a local chart with A(t ) G ?7 and 
such that the intersection of any left coset of G with ?7 is a countable union of 
slices U c = ^{U n 7r _1 (c)), c G K, n ~ fc , where vr : E n -> E"- fe denotes the 
projection onto the first n — k coordinates, n = dim(^), k = dim(G) (this is 
a standard construction for Lie groups; see, for instance, [15, Chapter 3]). For 
e > sufficiently small, \([t - Mo]) C U and thus A( [t - e,t [) C U D G 
is contained in a countable union of slices; since (it o ip o A)( [to — e,to[) i s a 
connected countable subset of R n_fc , it follows that A( [to — e, to [ ) is contained in 
a single slice U c . Since U c is closed in U, it follows that A(to) G C/ c C G. □ 

6. INFINITESIMALLY HOMOGENEOUS AFFINE MANIFOLDS WITH 

G-STRUCTURE 

Let (M, V) be an n-dimensional affine manifold, let G be a Lie subgroup of 
GL(R n ) and let P C FR(TM) be a G-structure on M. Denote by T and R 
respectively the torsion and the curvature tensors of V. Recall that, given x, y G 
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M, a map a : T X M — > T y M is G-structure preserving if a o p £ P y for some 
(and hence for all) p G P x . A smooth map / : M — > M is said to be G-structure 
preserving if df x : T^M — > Tf^M is G-structure preserving for all x G M. 

Definition 6.1. We say that the triple (M, V, P) is an infinitesimally homogeneous 
affine manifold with G-structure if for all x, y E M it is the case that every G- 
structure preserving map a : T X M — > T y M relates T x with T y , P x with P y 
and 3^ with 3^, i.e., T y (<7-, cr-) = a o T x , R y (a-, a-) = a o P(-, •) o cr -1 and 
3 9 P o(7 = Ad CT o j£. 

It is easy to see that (M, V, P) is infinitesimally homogeneous if and only if 
there exist bilinear maps T Q : R n x R n -» R n , P Q : R n x R" -» Ql(R n ) and 
a linear map 3 Q : IR,™ gl(IR, n )/g such that for every x € M, every p G P x 
relates T D with T x , R Q with R x and J D with 3 X . We will refer to T Q , P Q and 3 Q 
collectively as the characteristic tensors of the infinitesimally homogeneous affine 
manifold with G-structure (M, V, P). 

Remark 6.2. Clearly, the characteristic tensors T Q , P Q and 3 Q are invariant by the 
action of G. This implies that one can induce "versions" of the tensors T Q , R Q , 
3 D on every vector space endowed with a G-structure. More precisely, let Z be a 
real n-dimensional vector space endowed with a G-structure Pz, i.e., an orbit of 
the right action of G on FR(Z). Denote by Gz C GL(Z) the Lie group of all 
G-structure preserving automorphisms of Z and by qz C 0[(Z) its Lie algebra. 
Given any p G Pz, there exists a unique triple of tensors Tz : Z x Z ^ Z, 
R z : Z x Z -> 0[(Z), 3 Z : Z ^ qI(Z)/q z that are related to T D , P G , 3 D by 
p. The G-invariance of T Q , P Q , 3 Q implies that T^, P^, 3 Z do not depend on the 
choice of p G Pz- 

Definition 6.3. We say that the triple (M, V, P) is locally homogeneous if for 
every x, y G M and every G-structure preserving map a : PrM — > T^M there 
exists an open neighborhood {/ C M of x, an open neighborhood V C M of y 
and a smooth G-structure preserving affine diffeomorphism / : U — > V such that 
/(x) = y and d/ x = cr. If for every x, y G M and every G-structure preserving 
map a : T X M — > T^M there exists a smooth G-structure preserving affine dif- 
feomorphism / : M —>■ M with f(x) = y and df x = cr we say that the triple 
(M, V, P) is (globally) homogeneous. 

Clearly every (locally) homogeneous affine manifold with G-structure is also 
infinitesimally homogeneous. The converse also holds, as is proven below. 

Proposition 6.4. Let (M, V, P) be an infinitesimally homogeneous affine mani- 
fold with G-structure. Then (M, V, P) is locally homogeneous. If in addition, 
(M, V) is geodesically complete and M is (connected and) simply-connected then 
(M, V, P) is globally homogeneous. 

Proof. Let x ,yo G M be fixed and let cr : T X0 M — > T yo M be a G-structure 
preserving map. We will use the Cartan-Ambrose-Hicks (CAH) theorem (see, for 
instance, [16]) to produce a smooth G-structure preserving affine diffeomorphism 
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/ : U — > V with U an open neighborhood of Xq, V an open neighborhood of 
yo, f{%o) = Vo and df Xo = gq. In order to verify the hypotheses of the CAH 
theorem, we consider a geodesic 7 : [a, b] — > M with 7(a) = xq and a geodesic 
H : [a, b] -> M with n(a) = y and //(a) = a (-f'(a)). Letp : [a, b] -> FR(TM), 
q : [a, b] — > FR(TM) be horizontal liftings of 7 and /i respectively such that 
q(a) = a o p(a); set a(t) = q(t) o p(t)- 1 : T j{t) M -> T^M. Lemma 5.1 
implies that a(t) is G-structure preserving for all t G [a, b]; namely, a [a) = 00 is 
G-structure preserving and, since 7' and ^' are parallel, a(t)(j'(t)) = jj!{t), for 
all t G [a, b\. Now, by the infinitesimal homogeneity hypothesis, we have that a(t) 
relates T 7 m with T^( t ) and i? 7 (t) with R^tt), for all t G [a, 6]. The CAH theorem 
now gives us a smooth affine diffeomorphism / : U — > F with /(xo) = yo and 
d/x = °"o> where ?7, V are open neighborhoods of xo and yo, respectively The 
differentials of such map / are given by the maps a(t) considered above and thus / 
is G-structure preserving. Finally, under the assumption of simply-connectedness 
and geodesical completeness of (M, V), one can easily apply the global version of 
the CAH theorem to conclude that M is homogeneous. □ 

6.1. Example. Let (M,g) be an n-dimensional semi-Riemannian manifold with 
constant sectional curvature equal to c G II, i.e.: 

g x (R x (v,w)v,w) = -c(g x (v,v)g x (w,w) - g x (v, w) 2 ) , 

for all x G M and all v, w G T X M; denote by r the index of g. Setting G = 
0(n — r, r) and P = FR°(TM) then (M, V, P) is inflnitesimally homogeneous, 
where V denotes the Levi-Civita connection of g. Given an n-dimensional real 
vector space Z endowed with a nondegenerate symmetric bilinear form (•, •) of 
index r (which amounts to giving a G-structure on Z) then the "versions" Tz, Rz, 
3 Z of the characteristic tensors of (M, V, P) are given by Tz = 0, 3 Z = and: 

Rz(zi,z 2 )z 3 = c((z 2 ,z 3 }z 1 - (z ll z 3 }z 2 ), 

for all z\ , Z2 , Z3 G Z. 

6.2. Example. Let (M, g) be an n-dimensional semi-Riemannian manifold with 
Levi-Civita connection V, J be a V-parallel ^-antisymmetric almost complex 
structure on M; in this case we call (M,g, J) a semi-Riemannian Kahler mani- 
fold. Assume that (M, g, J) has constant holomorphic sectional curvature equal 
to c 6 E, i.e., g x [R x (v, J x (v))v, J x (v)] = —cg x (v,v) 2 , for all x G M and all 
v G T X M. Denoting by r the index of g and setting G = U(^ r, \ {n — r)), 
P = FR U (TM) (recall Example 5.7) then (M, V, P) is inflnitesimally homoge- 
neous. If Z is a n-dimensional real vector space endowed with a nondegenerate 
symmetric bilinear form (-, •) of index r and a (■, •) -antisymmetric complex struc- 
ture Jo then the "versions" of the characteristic tensors of (M, V, P) are given by 
T z = 0, J z = 0and: 

Rz(zi,z 2 )z 3 = -j({zi,z 3 )z 2 - (z 2 ,z 3 )z 1 - {z 1 ,J (z 3 ))J (z 2 ) 

+ {z 2 ,Jo{z 3 ))Jo{zi) - 2(z 1 ,J (z 2 ))J (z 3 )), 

for all zi,z 2 ,z 3 G Z. 
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6.3. Example. Let Q be an n-dimensional Lie group with Lie algebra g and let 
po : R n — > g be a linear isomorphism. Let V be a left-invariant connection on Q 
and set P = |dL ff (l) °Po '■ 9 £ G}, where L g : Q — > Q denotes left multiplication 
by g. Then P is a G-structure on Q with G = {IdR«} the trivial group. The affine 
manifold with G-structure (Q, V, P) is homogeneous, since the left translations are 
affine G-structure preserving diffeomorphisms. Let T : g — > flt(g) be the linear 
map defined by T(X)y = VjF, for all I,Feg, where we identify the elements 
of the Lie algebra g with left invariant vector fields in Q. The characteristic tensors 
of (Q, V, P) are given by: 

3o(«) =Po 1 °r(po(«)) op G 0t(K n ), 
T (w,«;) =Pq 1 ( r (Po(«))po(^) -r(poM)po(v) - [po(v),po(w)]^J G R, n , 

i2o(v,w) =p^ x o ([r(p («)),r(poM)] -r([poW,PoH])) o Po g s i(r"), 

for all v,w £ R™. If Z is a real n-dimensional vector space then a G-structure on 
Z is just a linear isomorphism from IR™ to Z, which can be used to push-forward 
3 Q , T G , R Q respectively to 3 Z , Tz and Rz- If V is the Levi-Civita connection of 
the semi-Riemannian left invariant metric on Q corresponding to the nondegenerate 
symmetric bilinear form (•, ■) on g then T is given by: 

(T(X)Y,Z) = \(-{X, [Y,Z]) + (Y, [Z,X]) + (Z, [X,Y])), 

for all X, Y, Z G g. 

6.4. Example. Let (M, g) be an oriented three-dimensional Riemannian manifold 
with Levi-Civita connection V such that: 

• there exists a Riemannian submersion of (M, g) onto a two-dimensional 
Riemannian manifold of constant sectional curvature equal to k 6 II; 

• there exists a unitary smooth vector field £ on M, vertical with respect 
to the submersion, and a real number r such that V„£ = tv x for 
every x G M, v G T X M, where x denotes the vector product on T X M 
(determined by the given inner product g x and the given orientation). 

For instance, all homogeneous three-dimensional Riemannian manifolds having 
a Lie group of isometries of dimension greater than or equal to four satisfy the 
conditions above (see [4]). Let P = [j xeM P x , where P x denotes the set of all 
positively oriented linear isometries p : 1R 3 — > T X M with p(l, 0, 0) = then 
P is a G-structure on M, where G = SO(R 2 ) is the group of positively oriented 
linear isometries of R 3 that fix (1, 0, 0). Using (5.6), we see that the inner torsion 
3? : T X M -> sym(T x M) £(x)^ is given by: 

%(v) = (0,tvxZ(x)), 

for all x G M, v G T X M. The curvature tensor R of V can be computed easily and 
the resulting formulas show that R can be written only in terms of k, t, £ and the 
metric g (see, for instance, [4]). Hence (M, V, P) is infinitesimally homogeneous. 
Given a three dimensional real vector space Z endowed with a G-structure (i.e., an 
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orientation, an inner product (■, •} and a unit vector 3 6 Z) then the "versions" of 
the characteristic tensors of (M, V, P) are given by: 

(6.1) 3 z (v) = (0, tv x 3) G sym(Z) © ^, 

(6.2) T z = 0, 

Rz(v,w)u = (k-3t 2 )((v,u)w — (w,u)v) + (k — 4t 2 )((w,$)(u,$)v 

(6.3) 

(w,i){v,i)i - (v,u){w,z)} - (v,i){u,$)w) e z, 

for all v,w,u € Z. 

6.5. Example. Let (Mi, Vi), (M 2 , V2) be affine manifolds, with dim(Mj) = rij, 
i = 1,2; let G» be a Lie subgroup of GL(IR ni ) and let Pi be a Gj-structure on Mj, 
i = 1,2. Denote by V the connection on Mi x M 2 naturally induced by Vi, V 2 ; 
the product G = Gi x G2 can be identified (diagonally) with a Lie subgroup of 
GL(R ni+n2 ) and the product P = Pi x P 2 is a G-structure on M. If (Mi, Vi, Pi) 
and (M 2 , V 2 , -P 2 ) are homogeneous (resp., infinitesimally homogeneous) then also 
(M, V, P) is homogeneous (resp., infinitesimally homogeneous). The characteris- 
tic tensors of (M, V, P) are given by the obvious direct sums of the corresponding 
characteristic tensors of (Mi, Vi,Pi) and (M 2 , V 2 ,P 2 ). Notice that if Z is an 
{ni + n 2 ) -dimensional real vector space then a G-structure on Z is determined by 
a direct sum decomposition Z = Zi © Z 2 with dim(Zj) = m, i = 1,2, by a 
Gi -structure on Zi and by a G 2 -structure on Z 2 . 



7. Existence of G-structure preserving affine immersions 

Throughout the section we consider fixed the following objects: affine manifolds 
(M, V) and (M, V), a vector bundle E° over M, a connection V° on E° and 
smooth sections a , A of TM*®TM*®E Q and TM*®(E Q )*®TM respectively; 
we denote by T and R respectively the torsion and the curvature tensors of V, by T 
and R respectively the torsion and the curvature tensors of V, by R° the curvature 
tensor of V° and by V the connection induced by V and V° on the vector bundles 
TM* <g> TM* © E° and TM* <g) (E )* <g) TM. We are interested in studying 
conditions under which there is a solution (/, S) for the affine immersion problem 
with data V°, a and A , satisfying a given initial condition (i.e., /(xq), df(xo) 
and S Xo should be prescribed, for some xq G M). 

Set n = dim(M), k = rank(£°), n = dim(M), 

E = TM © E°, 

and assume that n = n+k, i.e., that rank(i?) = n; we denote by it™ : E — ► TM, 
ir E : — > E° the projections. Let V be the connection in E whose components 
are V, V°, a and A . If (/, S) is a solution for the affine immersion problem with 
data V°, a and A , we define a vector bundle isomorphism L : E — > f*TM by 
setting: 

(7.1) L| TM = d/ :TM -> /*TM, L\ E o = S : E° ^ f*TM. 
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The vector bundle isomorphism L is connection preserving. Conversely, given a 
smooth map / : M — > M and a connection preserving vector bundle isomorphism 
L : E — > f*TM such that L|tm = d/ then, setting S = L\ E o, we obtain a 
solution (/, S) for the affine immersion problem with data V°, a and A . 

Denote by M , 9 M , 6 M respectively the 0[(M, n )-valued connection form of 

V in FR(E), the 5[(H")-valued connection form of V in FR(TM), the Revalued 
^-canonical form of FR(E) and the M, n -valued canonical form of FR(TM), where 
l : TM — > denotes the inclusion. Let s : V — > FR(E') be a smooth local 
section, where F is an open subset of M. If / : M —>■ M is a smooth map and 
L : E ^ f*TM is a vector bundle isomorphism then we define a smooth map 
F : V -» FR(TM) by setting: 

(7.2) F(x) = L :c o S (x), 

for all x € F. It is easy to see that: 

F*e M = s *e M <=^> l\ tm = df, 



(7.3) 



F*uj m = s*uj m <^=^ L is connection preserving. 



The conditions F*6 M = s*0 M and F*lo m = s*uj m can be summarized by writ- 
ing: 

(7.4) F*X W = X M , 
where: 

(7.5) = (e™,^), x M = s *(e M ,uj M ). 

Hence if (/, S) is a solution for the affine immersion problem with data V°, a and 
A and if L and F are defined as in (7.1) and (7.2) then, by (7.3), equality (7.4) 
holds. Notice also that, conversely, if a smooth map F : V — > f*TM is given 
then one can obtain a smooth map / : V — > M and a vector bundle isomorphism 
L : E\v — > f*TM by setting: 

(7.6) / = noF, L x = F(x) o ^x)- 1 

for all x G V, where II : FR(TM) — > M denotes the projection; in particular, 
if F satisfies (7.4) then one obtain a local solution (/, S) for the affine immersion 
problem with data V , a and A by setting S = L\ E o. 

We prove a general result concerning uniqueness of solutions of the affine im- 
mersion problem. 

Proposition 7.1. Assume that M is connected. If (f 1 , S 1 ), (f 2 , S 2 ) are both solu- 
tions of the affine immersion problem with data V°, a and A and if there exists 
xq £ M with: 

f\x ) = f 2 (x ), df 1 (x ) = df 2 (x ), Sl = S 2 X0 , 
then (f\S 1 ) = (f 2 ,S 2 ). 
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PROOF. We will show that the set A of points x G M with f x {x) = f 2 {x), 
df 1 (x) = d/ 2 (x) and = S 2 is open and closed in M (clearly xo G A). Let 
x G M be fixed and let s : V — > FR(P) be a smooth local section, where V is a 
connected open neighborhood of x in M. For i = 1,2, let L l : E —>■ (f l )*TM, 
F i : V -f FR(TM) be the maps defined from (/*, 5*) as in (7.1) and (7.2). As it 
was observed in (7.4): 

Clearly, for y G V, we have y G A if and only if = F 2 (y). Thus, if x is 

not in ^4 then F l (x) / F 2 (x) and therefore F l (y) ^ P 2 (y) for y near x. This 
proves that A is closed. If x G 4 then F 1 (x) = F 2 (x) and, keeping in mind 

that A^ : T p FR(TM) -> K," © 0t(IR™) is an isomorphism for all p G FR(TM), 
we apply Lemma 7.2 below and obtain that F 1 = F 2 . Thus V C A and we are 
done. □ 

Lemma 7.2. Lef M, J\f be differentiable manifolds, Z be a real finite-dimensional 
vector space and X, X, be Z-valued smooth l-forms on M. and on N respectively; 
assume that M. is connected and that X y : T y N — > Z is an isomorphism, for all 
y G N. If Fx : M — > M, F 2 : M — > N are smooth maps with F*X = X, i = 1,2, 
and if Fi{xq) = F 2 (xo) for some xo G M. then F\ = F 2 . 

Proof. If 7 : I — ► M is a smooth curve such that F\(p/(to)) = F 2 (j(t )) for 
some to & I then ^07 = ^07; namely, both ^07 and F 2 o 7 are integral 
curves of the smooth time-dependent vector field: 

I x M 3 (t,y) 1 — ► Xy 1 [A 7(t) (Y(t))] G 7yV. 

The conclusion follows from the observation that, since M is connected, any two 
points of M can be joined by a piecewise smooth curve. □ 

In the remainder of this section we will also fix a Lie subgroup G of GL(]R n ) 
with Lie algebra q C 0[(ll n ), a G-structure P on E and a G-structure P on M. 

Definition 7.3. A (possibly local) solution (/, S) for the affine immersion problem 
with data V°, a and ^4° is said to be G-structure preserving if the vector bundle 
isomorphism L : E — > f*TM defined in (7.1) is G-structure preserving, i.e., if 
L x o p g P/( x ), for all x G M and all p G Pr. 

If (M, V, P) is infinitesimally homogeneous then every n-dimensional real vec- 
tor space Z endowed with a G-structure inherits "versions" Tz ■ Z x Z — > Z, 
Pz : x ^ — > 0l(Z) and 3z '■ Z — ► gl(Z)/gz of the characteristic tensors 
To_:JR,^_x R n -» K,™, fio : R" x I" -» 01(11™) and J : R fi -> 0l(R fi )/fl of 
(M, V, P) (recall Remark 6.2). 
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Theorem 7.4. Assume that (M, V, P) is infinitesimally homogeneous with char- 
acteristic tensors T Q , R Q and 3 and that the equalities: 



(7.7) 



(7.8) 



(7.9) 



(7.10) 



tt™ [R^ (v,w)u) = R x (v,w)u + A x (v,a x (w,u)) 

- A° x (w,a° x {v,u)), 

7T E ° (R Sx (v, w)e) = R° x (v, w) + a° x (v, A x (w, e)) 

-a x (w,A° x {v,e)), 

tt e °(R Sx (v,w)u) = (V^ ),^,™^) - (V®a ) x (u;^,n) 

+ a° x (T x (v,w),u), 

7r™(R Sx (v,w)e) = (V®A°) x (v,w,e) - (V®A°) x (w,v,e) 

+ A° x (T x (v,w),e), 

(7.11) tt™(T Sx (v,w)) =T x (v,w), 

(7.12) 7r E °(T Sx (v,w)) =a° x (v,w) -a° x (w,v), 

(7.13) 3 Sx (v)=3!(v), 

hold, for all x G M, v,w,u G T X M and all e £ E\. Then, for every xq G M, 
every yo G M and every G -structure preserving linear map Co : E XQ — > T yo M 
there exists a G-structure preserving local solution (/, S)for the affine immersion 
problem with data V°, a a«<i ^4° w/io^e domain is an open neighborhood U of 
xq in M, f(xo) = yo and o~$ = L xo , where L is as in (7.1). Moreover, if M is 
(connected and) simply-connected and (M, V) is geodesically complete then there 
exists a unique global solution (/, S) for the affine immersion problem with data 
V°, a and A such that f(xo) = yo and uo = L xo . 

Proof of the existence of local solutions. Let s : V — > P be a smooth 
local section denned in an open neighborhood V of xq in M and consider the 
gl(IR, ra )-valued 1-forms X M and \ M defined in (7.5). We will look for a smooth 
map F : U -» P C FR(TM) such that F*X W = \ M \u and F(x Q ) = a Q o s(x Q ), 
where U is an open neighborhood of x in V. Once such map F is found, we 
define / : U -> M and L : -» f*TM as in (7.6) and we set 5 = L| B o. It 
will then follow from (7.3) that (/, S) is a local solution for the affine immersion 
problem with data V°, a and A ; moreover, the fact that s takes values in P and 
F takes values in P will imply that L is G-structure preserving. 

In order to find the map F we will use the version of the Frobenius theorem 
stated in Lemma 7.5 below. We claim that for each y G M and each p G P y , the 

linear map Xp 1 : TpP — > W 1 © gl(IR, n ) is an isomorphism onto the space: 
Z = {(u,X) GH™©0[(ir) :3 (u) = X + 5 }. 
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Namely, {9^,oj^) = (jr 1 © Id) o (dU p ,uj^) and the isomorphism (dU p ,to^) 
carries TpP onto the space (recall (5.1) and (5.2)): 

V p = {(v, X) G TyM © [(R fi ) : Ad p 1 (tf(v)) = X + g}, 

and 3 Q = Adp 1 o 3^ o p. We now claim that for all x G V, the linear map 
A^ : T^M -> R™ © g[(R") takes values in Z. Namely, for all p G P x , the linear 

map (6¥,lo¥) = ((p- 1 o ix ) © Id) o {dU p ,uf ) : T p FR(£) -> R« © fl [(R«) 

takes T^P to the space: 

(7.14) {(u, X) G R™ © 0[(R") : p(u) G T X M, Ad^ 1 [o£ (p(u))] =X + }, 

where II : FR(P) — ► M denotes the projection. By assumption (7.13) we may 
replace 3 X with 3^ in (7.14) and, since Ad p o p = 3 Q , we conclude that 

{Of \uf)(TpP) C Z. The proof of the claim is completed by setting p = s(x) 

and by observing that \^{T X M) is contained in {6f ' ,u¥)(T p P). We have so 
far checked the validity of the hypotheses of Lemma 7.5; we will now verify that 
condition (b) in the statement of the lemma holds and this will give us the desired 
map F : U -> P with F*X W = X M \ V _and F(x Q ) = a o s(x ). Let x G V, 
y £M,p GPybe fixed and set r = o A* f : T X M -» TpP. We have to 

check that: 

(7.15) r*dOf = d(s*9 M ) x , r*duj =d{s*u M ) x ; 

since r*Af = Af , i.e., r*#F = s*#f and r^J 7 = , equalities (2.2) imply 
that (7.15) is equivalent to: 

(7.16) r*ef = (s*q m ) x , T *nJ = (s*n M ) x , 

where ft M , M , M , M denote respectively the curvature form of V in FR(P), 
the curvature form of V in FR(TM), the t-torsion form of V in FK(E) and the 
curvature form of V in FR(TM). It is easy to see that dUp o r = p o s(x)" 1 \t x m', 
using this equality, and equalities (2.3) and (2.4), we get that (7.16) is equivalent 
to: 

(7.17) p- 1 (Ty[p( 8 (x)-\v),8(x)-\w))])=8(x)- 1 (%(v,w)), 

(7.18) p^ 1 o R y [p(s(x) _1 (w), s(x)^ 1 (w)^~\ op = s(x)~ 1 o R x (v, w) o s(x), 

for all v, w G T X M, where T L and R denote respectively the t-torsion tensor and 
the curvature tensor of V. Clearly (7.17) and (7.18) are equivalent to: 

(7.19) T (s(x)- 1 (v),8(x)- 1 (w))=8(x)- 1 (T l x (v,w)), 

(7.20) R (s(x)~ 1 (v),s(x)~ 1 (w)) =s(x)- 1 o R x (v,w) o s(x). 
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Now (7.19) and (7.20) are equivalent to: 



(7.22) 



(7.21) 



T Bx (v,w) = T x (v,w), v,weT x M, 
i?g (v,w) = R x (v,w), v,w G T X M. 



Finally, (7.21) is equivalent to assumptions (7.11), (7.12) (recall (4.6) and (4.7)), 
while (7.22) is equivalent to assumptions (7.7), (7.8), (7.9) and (7.10) (recall (4.2), 
(4.3), (4.4) and (4.5)). This concludes the proof of the existence of local solutions 



Lemma 7.5. Let M, J\f be dijferentiable manifolds, Z be a real finite-dimensional 
vector space and X, X, be Z-valued smooth l-forms on M and on J\f respectively; 
assume that X y : T y N — ► Z is an isomorphism, for all y G M. The following 
conditions are equivalent: 

(a) for all x G M., y G N there exists a smooth map F : U — > N defined in 
an open neighborhood U of x in Ai with F(x) = y such that F*X = X\u; 

(b) for all x G M, y G N, T* y dX y = dX x , where r xy : T X M — > T y M is the 
linear map defined by r xy = X y l o X x . 

PROOF. It is a simple application of the classical Frobenius theorem to the distri- 
bution on M x N annihilated by the Z-valued 1-form 6 = pr^A — pr^A, where 
pr-L : M x N — > M, pr 2 : M x N — > M denote the projections. □ 

In order to prove the existence of global solutions to the afflne immersion prob- 
lem, we will employ a very general globalization technique that is explained be- 
low. Let X be a topological space and let *p be a pre-sheaf of sets over X, i.e., 
a cofunctor from the category of open subsets of X (partially ordered by inclu- 
sion) to the category of sets and maps; for each open subset U of X we denote 
by ^3({7) the corresponding set and for every open subset V of U we denote by 
tyuy '■ — ► ty(V) the corresponding map. We say that the pre-sheaf *p has 
the localization property if, given a family (C7i)j e j of open subsets of X and setting 
U = [Jig/ Ui then the map: 



is injective and its image consists of the families (U)iei m Ilie/^P(^i) sucn tnat 
WuiVinUjiU) = WujVinUjifj), for all i,j G I. We say that the pre-sheaf 
has the uniqueness property if for every connected open subset U C X and every 
nonempty open subset V C U the map tyuy is injective. We say that an open 
subset U C X has the extension property with respect to the pre-sheaf ^3 if for 
every connected nonempty open subset V of U the map tyuy is surjective. We say 
that the pre-sheaf *p has the extension property if X can be covered by open sets 
having the extension property with respect to 

If X, X are topological spaces and ir : X — > X is a local homeomorphism 
then an open subset U of X is said to be fundamental for ir if 7r _1 (C7) is a disjoint 
union \J ieI Ui of open subsets Ui of X such that ir maps U{ homeomorphically 



of the afflne immersion problem. 



□ 



(7.23) 
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onto U for all i G I. An open subset U of X is said to be quasi-fundamental for 
7r if for every x G £7 and every x G 7r~ 1 (x) there exists a continuous local section 
s : U — > X of 7T such that = 5. Clearly, every fundamental open subset is 
also quasi-fundamental; conversely, if X is Hausdorff then it is easy to check that 
every connected quasi-fundamental open subset of X is fundamental (take the L^'s 
to be the images of the continuous local sections of it defined in U). 
We have the following general globalization principle: 

Proposition 7.6. Let X be a topological space and be a pre- sheaf of sets over X. 
Assume that X is Hausdorff, locally arc-connected, connected, simply-connected 
and that the pre-sheaf has the localization property, the uniqueness property and 
the extension property. Then for every connected nonempty open subset V C X 
and every f G ty{V) there exists a unique f € ty{X) with tyxy (f) = f- 

PROOF. Let it : S — > X be the sheaf of germs associated to the pre-sheaf *}3 
and for each open subset U of X, each f G ty(U) and each x G U, denote by 
[f]x £ 4 = 7r~ 1 (a;) the germ of f at x. The fact that *p has the localization 
property means that for every open subset U of X and every continuous local 
section s : U — > S of tt there exists a unique f G ty(U) such that s(x) = [f] x , for all 
x G U. Since X is locally connected, it follows that every open subset of X having 
the extension property with respect to <p is quasi-fundamental for it. Moreover, 
since X is Hausdorff and locally connected, the uniqueness property of *p implies 
that S is Hausdorff. Thus, every quasi-fundamental connected open subset of X 
is fundamental and we obtain that it is a covering map. Let x G V be fixed and 
let <S' denote the connected component of S containing [f] x ; since X is locally arc- 
connected, connected and simply-connected, it follows that the restriction of it to 
S' is a homeomorphism onto X. The inverse of ir\s> is a continuous global section 
s : X — >■ S of 7r with s(x) = [f] x . As observed in the beginning of the proof, 
there exists a unique f G ^{X) such that \j] y = s(y), for all y G X; in particular, 
we have [f] x = [f] x . Since V is connected and <p has the uniqueness property, it 
follows that yS x ,v(f) = f- □ 

We can now prove the global part of the statement of Theorem 7.4. 

Proof of the existence of global solutions. By considering the univer- 
sal covering, there is no loss of generality in assuming that M is connected and 
simply-connected; thus, it follows from Proposition 6.4 that (M, V, P) is homo- 
geneous. 

For each open subset U of M let ^(U) be the set of all G-structure preserving 
local solutions for the affine immersion problem with data V°, a , A and with 
domain U; if V is an open subset of U, we let ^u,v '■ *$(U) — > ^P(V) be the re- 
striction map. It is obvious that the pre-sheaf of sets *p over M has the localization 
property and it follows from Proposition 7.1 that ^3 has the uniqueness property. 
We will prove that *p has the extension property and then the aimed result will fol- 
low from the local part of the statement of Theorem 7.4 and from Proposition 7.6. 
In order to prove that *p has the extension property we will show that every open 
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subset U of M such that ty(U) is nonempty has the extension property for *p (ob- 
serve also that the local part of the statement of Theorem 7.4 implies that every 
point of M has an open neighborhood U such that ^P(P) is nonempty). Let U be 
an open subset of M such that *P(P) is nonempty, V be a connected nonempty 
open subset of U and let (/, S) be an element of $P(V). We have to find (/, S) 
in such that (/, S) is the restriction of (/, S) to F. Let (/, S) be an ar- 

bitrary element of the nonempty set *JJ(C7") and let x € V be an arbitrary point. 
Denote by L : E\ v -> f*TM, L : E\ v -> f*TM the G-structure preserving 
connection preserving vector bundle isomorphisms corresponding respectively to 
(/, 5) and (/, S), as in (7.1). Let r : Tj,,M -> Tf (x) M be the linear isomor- 
phism such that t o L x = L x ; clearly, r is G-structure preserving and thus there 
exists a global G-structure preserving affine diffeomorphism (f> : M — ► M such 
that 0(/(x)) = /(x) and d^( x ) = t- We set f = (j> o f : U — >■ M and we con- 
sider the G-structure preserving connection preserving vector bundle isomorphism 
L : 1% -» fTM defined by L y = d^ (y) o L„, for all y G U. Setting S = L\ E o 

then (/, S) is in *p(C7). Moreover, since /(x) = /(x) and L x = L^, it follows 
from Proposition 7.1 and from the connectedness of V that (/, S) is the restriction 
of (/, S) to V. This concludes the proof. □ 

7.1. Example. Assume that M is a Lie group Q with Lie algebra g and that V 
is a left invariant connection corresponding to a linear map V : g — > flt(g) as in 
Example 6.3; let po : W 1 — > g be a linear isomorphism and let P be the {Idftn}- 
structure on Q defined by P = {dL g (l) o p : 5 G ^}. Then (M, V, P) is 
homogeneous. Assume that we are given a global smooth frame s : M — > FR(P) 
of E, so that P = s(M) is a {IdRn}-structure on E. An application of Theorem 7.4 
shows that, under assumptions (7.7), (7.8), (7.9), (7.10), (7.11), (7.12), (7.13), 
we can find local solutions (/, S) (with adequately prescribed initial conditions 
/(xo), d/(xo), S XQ ) for the affine immersion problem with data V°, a and ^4°, 
where the vector bundle isomorphism L : E — > /*T^ defined by (7.1) satisfies 
L x o s(x) = dL^( x )(l) o p , for all x G M. Observe that the tensors Pg , , 

J s that appear in the lefthand side of the assumptions are the push-forward by 

the linear isomorphism s(x) : H n — > P^ of the respective characteristic tensors 
P , T Q and J Q that appear in Example 6.3. Equation (7.13) means simply that the 
Christoffel tensor T x : T X M — > 0[(P X ) of V with respect to the frame s is the 
restriction to T X M of the push-forward to E x of 3 Q by s(x). 

8. Existence of G-structure preserving isometric immersions 

As a special case of the theory developed in Section 7, in this section we will 
consider semi-Riemannian manifolds endowed with G-structures contained in the 
orthonormal frame bundle, aiming at an existence theorem for isometric immer- 
sions. More precisely, we consider fixed the following objects: an n-dimensional 
semi-Riemannian manifold (M, g), where the semi-Riemannian metric g has index 
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f, an n-dimensional semi-Riemannian manifold (M, g), where the semi-Riemann- 
ian metric g has index r, a vector bundle E° of rank k over M endowed with 
a semi-Riemannian structure g° of index s, where n = n + k and f = r + s, 
a connection V E ° on E° compatible with g°, a smooth symmetric section a of 
TM* <g> TM* <g) E°, a Lie subgroup G of 0(n - f, f) with Lie algebra g C 
so(n — f,f), a G-structure P on M contained in the orthonormal frame bundle 
FR° (TM) and a G-structure P on the direct sum E = TM © E contained in 
FR°(E), where E is endowed with the semi-Riemannian structure g of index f 
given by the orthogonal direct sum of g and g°. We denote by V and V respec- 
tively the Levi-Civita connections of g and g, by V the connection on E compatible 
with g with components V, V E ° and a (see Remark 4.1), by V the connection 
induced by V and V° on the vector bundle TM* <g> TM* E° and by R and R° 
the curvature tensors of V and V° respectively. 

If (M, V, P) is infmitesimally homogeneous with characteristic tensors T Q , 
R Q and 3 then obviously T Q = 0; moreover, since the connection V is com- 
patible with the semi-Riemannian metric g, the linear map 3 takes values in 
so(n — f, f)/g. Recall that if Z is any n-dimensional real vector space endowed 
with a G-structure then we have "versions" Rz and 3z of the characteristic tensors 
R and 3 of (M, V, P) (recall Remark 6.2). 

Theorem 8.1. Assume that (M, V, P) is infmitesimally homogeneous with char- 
acteristic tensors T Q , R Q and 3 G and that the equalities: 

g x (Rg x (v,w)u,z) = g x (R x (v,w)u,z) - g^(a x (w,u),a x (v, zj) 

+ g x (a x (v,u),a x (w,z)), 

g x (R Sx (v, w)u, e) = g° x ((V^a )^, w, u) , e) 
-g x {(V®a°) x (w,v,u),e), 

g x (RE x (v, w)e, e') = g° x (R° x (v, w)e, e) + g x (A x (e) ■ v, A° x (e')* ■ w) 

-g x (A x (e)-w,A x (e')-v), 

(8.4) 3 Sx (v)=3!(v), 

for all x G M, v, w,u,z G T X M, e, e' £ E x , where A is defined by (3.2). Then, 
for every xq £ M, every yo £ M and every G-structure preserving linear map 
(To : E XQ — > T yo M there exists a G-structure preserving local solution (/, S) for 
the isometric immersion problem with data V°, a , g° whose domain is an open 
neighborhood U of xq in M, f(xo) = yo and o~$ = L xo , where L is as in (7.1). 
Moreover, if M is (connected and) simply-connected and (M, V) is geodesically 
complete then there exists a unique global solution (/, S)for the isometric immer- 
sion problem with data V°, a , g° such that f(xo) = yo and ctq = L XQ . 



(8.1) 
(8.2) 
(8.3) 
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PROOF. Apply Theorem 7.4, observing that (8.1) implies (7.7), (8.2) implies both 
(7.9) and (7.10), (8.3) implies (7.8), (7.11) holds trivially and (7.12) follows from 
the symmetry of a . □ 

8.1. Example (semi-Riemannian manifolds with constant sectional curvature). As- 
sume that the semi-Riemannian manifold (M, g) has constant sectional curvature 
equal to c £ R and set G = 0(n - f,f), P = FR° (TM), so that (M, V, P) 
is infinitesimally homogeneous (recall Example 6.1). In this case, setting P = 
FR°(E), Theorem 8.1 reproduces the classical Fundamental Theorem of Isomet- 
ric Immersions (see, for instance, [2, 14]). More explicitly, equations (8.1), (8.2) 
and (8.3) become, respectively, the standard Gauss, Codazzi and Ricci equations 
(observe that the lefthand side of (8.2) and (8.3) vanish); moreover, equation (8.4) 
(whose lefthand side also vanishes) says that the connection V is compatible with 
the semi-Riemannian structure g of E, so that the equation is always satisfied. 

8.2. Example (semi-Riemannian Kahler manifolds with constant holomorphic sec- 
tional curvature). Let J be a V-parallel ^-antisymmetric almost complex structure 
on M, so that (M, g, J) is a semi-Riemannian Kahler manifold. Assume that 
(M, g, J) has constant holomorphic sectional curvature equal to c G R. Setting 
G = U(|f, \(n - f)) and P = FR U (TM) then (M,V,P) is infinitesimally 
homogeneous (recall Example 6.2). Consider a V-parallel ^-antisymmetric almost 
complex structure J on M and a V°-parallel g° -antisymmetric almost complex 
structure J° on E°; set J = J © J° and P = FR U (E). In this case, The- 
orem 8.1 becomes a well-known result about existence of isometric immersions 
into Kahler manifolds of constant holomorphic sectional curvature. Notice that the 
lefthand sides of (8.2) and (8.4) vanish (but the lefthand side of (8.3) does not!); 
equation (8.4) says that both g and J are V-parallel, which happens if and only if 
a° x : T X M x T X M -> is complex bilinear, for all x £ M. 

Recent advances in the theory of minimal and constant mean curvature subman- 
ifolds (see for instance [1, 3, 9]) have triggered an increasing interest in the study 
of immersions into product manifolds ([6, 13]). We discuss the case of isometric 
immersions into product of manifolds with constant sectional curvature. 

8.3. Example (products of manifolds with constant sectional curvature). Let us 
consider semi-Riemannian manifolds (M\,g~i), (¥2,32) such that dim(Mj) = 
fii, the index of g\ is fj and the sectional curvature of (Mj,^) is constant and 
equal to % = 1,2. Assume that (M,g) is the orthogonal cartesian product of 
(Mi, gi) and (M 2 , 92), so that n = ni + n 2 and f = f 1 + f 2 . Let R™ = K,™ 1 ©K," 2 
be endowed with the orthogonal direct sum of the standard Minkowski inner prod- 
uct of index f\ in H ni and the standard Minkowski inner product of index fi in 
IR,™ 2 . Let G = 0(fi, ni — f\) x 0(f2, n 2 — T2) be the Lie group of linear isome- 
tries of W 1 that preserve F = E" 1 © {0} and set P = FR° (TM, (TM~i) x M 2 ) 
(recall the notation introduced in Example 5.4). Then (M, V, P) is infinitesimally 
homogeneous (this is obtained by applying the product construction explained in 
Example 6.5). If Z is a n-dimensional real vector space then a G-structure on Z 
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can be identified with a pair ((•,■), Z±), where (-, ■) is a nondegenerate symmetric 
bilinear form of index f on Z and Z\ is a subspace of Z on which (-, •) is a nonde- 
generate symmetric bilinear form of index f\. The "versions" of the characteristic 
tensors on Z become lz = and: 

R Z (Z1 + z[, Z 2 + Z 2 )(z 3 + 4) = c l(( z 2, Z 3 )Z! - (zi, Z 3 )z2) 

+ c 2 ((z' 2 ,z' 3 )z' 1 - (z[,z' 3 )z' 2 ), 

for all z\,z 2 ,z 3 G Z\ and all z[, z' 2 , z' 3 G Z^. 

In Example 8.3 one can consider for instance the case where M is an orthogonal 
product of a space form with the real line R, obtaining the isometric immersion 
theorems of [3]. 

8.4. Example. An isometric immersion theorem into Lie groups endowed with 
left-invariant semi-Riemannian metrics is easily obtained from Example 7.1 by 
considering a linear isometry po : R n — > g and an orthonormal global smooth 
frame s : M -»• FR°(£). 

Remark 8.2. A different set up for isometric immersions into Lie groups has been 
discussed in [8] where the author considers isometric immersions into some classes 
of solvable and nilpotent Lie groups. In our terminology, the result in [8] is associ- 
ated to the G-structure on the target manifold determined by an orthonormal basis 
of the center of the Lie algebra. Such G-structure is not in general infinitesimally 
homogeneous, so the result in [8] is not a direct corollary of Theorem 8.1. 

8.5. Example. Assume that (M, g) is a three-dimensional Riemannian manifold 
as in Example 6.4. Let P denote the G-structure of positively oriented linear 
isometries that send (1,0,0) to £, where G = SO(R 2 ) is as in Example 6.4; 
then (M, V, P) is infinitesimally homogeneous. Assume that (M, g) is an ori- 
ented two-dimensional Riemannian manifold and that E = M x IR, is the trivial 
linear bundle over M. Consider a global smooth unitary section of E, which is 
determined by a smooth vector field X on M and a smooth function v : M — ► II 
with g x (X(x),X(x)) + v(x) 2 = 1, for all x G M. We consider the G-structure 
P on E of positively oriented linear isometries that send (1, 0, 0) to (X, u). In this 
context, a local solution (/, S) for the isometric immersion problem with data V°, 
a , g° is G-structure preserving if C(f( x )) = df x (X(x)) + v(x)S x (l), for all 
x G M (notice that x ^ S x (l) is a unit normal vector field). In this context, we 
have (omitting the obvious zero corresponding to the covariant derivative of the 
metric tensor): 

^eM =™x (X{x),u(x)) =t(-v(x)J x (v),(J x (v),X(x))), 

for all x G M, v G T X M, where J x : T X M — > T X M denotes the canonical 
complex structure of the two-dimensional oriented Riemannian manifold (M,g). 
Moreover: 

3£ (t;) = V V (X, u) = (V V X + u(x)A° x (l) ■ v, a° x (v, X{x)) + du x {v)) . 
In this case, Theorem 8.1 reproduces the isometric immersion theorem of [4]. 
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